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Abstract 
We study the heredity of the classes of generalized metric spaces to the hyperspaces of non- 
empty compact subsets and finite subsets with the finite topology. We complete the final table 
given in the last section. ©1997 Elsevier Science B.V. 
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I. Introduction 
All spaces are assumed to be regular T2-spaces unless otherwise is stated explicitly. N 
always denotes the set of natural numbers. 
For a space X, let/C(X) be the set of all non-empty compact subsets of X. We endow 
/C(X) with the so-called finite topology, or Vietoris topology, the base of which consists 
of all subsets of the following form: 
(Ut . . . . .  Uk)= {K E/C(X): K cU  u~ andKAU~ #0foreach i} ,  
where {Ui . . . .  , Uk} is a finite family of open subsets of X. We also consider the sub- 
spaces ,T'(X), .T',~(X), n E N, defined as follows: 
Y(X)  = {F E K;(X): F is finite}, 
~' . (X) -- {F ~/C(X): IF! -< n}. 
As it is known already from [6], most of separation axioms of a space X, including 
regularity and T2-ness, are inherited to/C(X). As for the reciprocal relationship of topo- 
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logical properties between X and/C(X) and ,T'(X), there has been a natural problem as 
follows: 
(P) Let C be a class of spaces with some property. If X E C, does then /C(X) or 
,F(X) belong to C? 
For example, as it is well known, metrizable spaces are inherited to both/C(X) and 
,T'(X) [61. In this paper we survey this problem when C is restricted to classes of 
generalized metric spaces known already. As candidates lbr C we consider the following 
classes which are shown in the diagram: 
La.~ nev space~ 




~_~ Paracompact I Metric space p-space | 
Moore space act /'vl c 
Par~C;aTePa~A~ Hd" Pa?~°ce mpact "X~ ~-s, ..... n (,=t[ x~ly 
1 l I I I 
Paracompact ] , a-space ~ Space with a 
a-space I i i G~-diagonal 
Roughly speaking, there are three lines in the series of generalized metric spaces. One 
of them is the line descending l~om Lagnev spaces (closed images of a metric space), 
The second is descending from Moore spaces (regular developable spaces), and the last 
is descending from paracompact p-spaces in the sense of Arhangel'skiT or equivalently 
paracompact M-spaces in the sense of Morita. The final purpose is to complete Table I 
(in Section 2), where we determine whether problem (P) is solved positively (+) or 
negatively ( - )  tot the class C. 
2. Results 
First of all, we consider Lagnev spaces. But when X is a Lagnev space,/C(X) behaves 
badly as shown in the next example, though/C(X) is a a-space in the sense of [131, 
18, Theorem 4.121. On account of this, all problems tbr E(X) are negative lbr the cases 
in which X belongs to classes from Lagnev spaces to free L-spaces. First, we give the 
definition of free L-spaces in the sense of Nagami. 
Definition 2.1. A space X is an L-space [ I I I if X is a paracompact a-space such that 
every closed subset of X has an approaching anticover. A space X is a free L-space 
[ 121 if X is embedded in a countable product of L-spaces. 
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Table I 
C ~(X)  ~(x)  
Metric space + + 
Lagnev space - - 
L-space - - 
Free L-space - - 
Stratifiable space - + 
Paracompact a-space - + 
Paracompact space - - 
a-space - + 
Moore space + + 
d-paracompact p-space + - 
wA-space - - 
Paracompact p-space + - 
M-space - - 
S-space - - 
Space with a Go-diagonal - + 
d-paracompact space - - 
Countably compact space - - 
Theorem 2.2. I f  X is a countable space such that J r (x)  is a free L-space, then X is a 
first countable .~pace. 
It is easily observed that there exists a non-metrizable countable Lagnev space X .  
Consequently, by the above we have the following: 
Example 2.3. There exists a countable Lagnev space X such that .~'(X) is not a free 
L-space. 
Borges gave the following example by which stratifiable spaces, paracompact or-spaces 
and a-spaces are not hereditary to /C(X) ,  though they are so to ,T'(X). 
Example 2.4 [21. There exists a stratifiable space X such that /C(X)  is not a a-space. 
Paracompact spaces are not hereditary to both /C(X)  and br (X)  by the next example. 
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Before giving the results on paracompact spaces, we recall the concept of d- 
paracompact spaces which generalizes both paracompact spaces and developable spaces. 
Definition 2.5 [14]. A T2-space X is called d-paracompact if for each open cover H of 
X there exists a H-mapping of X onto a developable space. 
Example 2.6 [7]. Let X be the Sorgenfrey line. Then br2(X) is not d-paracompact. 
Now we move to another line of ger,~ralized metric spaces. There is one and only one 
positive result for both/C(X) and ~'(X ). 
Theorem 2.7 [6]. A space X is a Moore space if and only if so is 1C(X) and if and 
on(v if so is 3:(X). 
As for definition of wA-spaces, refer to [4. Definition 3.1 ] 
Example 2.8 [9]. There exists a compact space X such that ~'(X) is not a u,A-space. 
Example 2.9 [9]. There exists a countably compact space X such that .F2(X) is not a 
wA-space. 
We give the definition of _,r-spaces that is more useful to use here than the original 
one in [10]. 
Definition 2.10 [4, Definition 4.13]. A space X is a (strong) E-space if there exists a 
pair {,~',C} of families satisfying the following: 
(a) ~" is a iT-discrete family of subsets of X; 
(b) C is a cover of X by (respectively compact) countably compact subsets of X; 
(c) if C E C and U is an open subset of X such that C C U, then C C F C U for 
some F E ~.  
Stratifiable spaces are due to Borges [ i ], who gave an example of a stratifiable space X 
such that/C(X) is not a ~-space. But it is easily observed that/C(X) has a G~-diagonal 
for the same space X. So, if we recall that a space X is a tT-space if and only if X is a 
ET-space with a (7~-diagonal [4, Theorem 4.15], then we have the following 
Example 2.11. There exists a stratifiable space X such that/C(X) is not a ~-space. 
More strictly, we can construct the following example. 
Example 2.12 [91. There exists a paracompact Z'-space X such that /C(X) is not a 
~-space. 
We give another positive result for/C(X) but this is not the case to ,~'(X), 
Theorem 2.13. (I) [31 A space X is a paracompact p-space if and only if so is IC(X). 
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(2) A space X is a d-paracompact p-space if and only if so is 1C(X) [91. 
Here d-paracompact p-spaces are perfect preimages of a Moore space, or equivalently 
spaces X such that X is both d-paracompact and a p-space in the sense of Burke as 
follows. 
Definition 2.14 [4, Theorem 3.211. A space X is a p-space if there exists a sequence 
{~n: n E N} of open covers of X satisfying the following: if x E Gn E ~,~, n E N, 
then: 
(a) C = ["1,2 Gn is compact; 
(b) {nn<.k G,~: k E N} is an outer network for C. 
For the class of spaces with a G~-diagonal, we have the following: 
Example 2,15 [9]. There exists a T2-space with a G~-diagonal such that/C(X) does not 
have a G~-diagonal. 
The positive answers for .~'(X) are stated in Table I without their proofs. Lookmg 
over all the results, we can say as a conclusion that both/C(X) and C(X) preserve C
only when C is the class of Moore spaces. The other classes are not good in the sense 
that/C(X) preserves C but ~' (X)  does not or vice versa. 
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